Effective field theories for interacting boundaries of 3D topological crystalline insulators through bosonisation by Salgado-Rebolledo, P et al.
1
Vol.:(0123456789)
Scientific Reports |        (2020) 10:21998  | https://doi.org/10.1038/s41598-020-77966-3
www.nature.com/scientificreports
Effective field theories 
for interacting boundaries of 3D 
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through bosonisation
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Here, we analyse two Dirac fermion species in two spatial dimensions in the presence of general 
quartic contact interactions. By employing functional bosonisation techniques, we demonstrate that 
depending on the couplings of the fermion interactions the system can be effectively described by a 
rich variety of topologically massive gauge theories. Among these effective theories, we obtain an 
extended Chern–Simons theory with higher order derivatives as well as two coupled Chern–Simons 
theories. Our formalism allows for a general description of interacting fermions emerging, for 
example, at the gapped boundary of three‑dimensional topological crystalline insulators.
Time-reversal-invariant topological insulators are among the most well studied topological phases of matter. In 
three dimensions, they are characterised by suitable topological numbers in the bulk that guarantee the existence 
of topologically protected massless Dirac fermions on the  boundary1,2. Although the topological invariant is a Z2 
number, on the slab geometry, it has been shown that robust surface states are given by an odd number of Dirac 
fermions per  boundary3. The situation changes in the case of three-dimensional topological crystalline insula-
tors (TCIs), namely topological insulators characterised by further crystalline symmetries, such as mirror and 
rotation  symmetries4–11. In particular, for three-dimensional TCIs protected by a single mirror symmetry, one 
can define the so called mirror Chern number nM on a given two-dimensional plane, which is invariant under 
the mirror symmetry. These phases host n = |nM | Dirac cones on each  boundary5. Recently, mirror-invariant 
boundary interactions in these systems have been intensively studied by employing several approaches, such as 
non-linear sigma  models12,13, the coupled-wire method for nM = 214, Higgs phases for nM = 415 and symmetry 
arguments for nM = 816.
Bosonisation represents another important quantum-field-theory approach to study interacting Dirac fer-
mions. It was originally formulated in 1+1 dimensions to map the massive Thirring model to the Sine-Gor-
don  theory17,18 and then extended in higher-dimensional relativistic systems under the name of functional 
 bosonisation19. Although this method has numerous implications that are relevant to condensed matter physics, 
it has been mainly employed in interacting systems involving a single emergent gauge field.
The goal of this work is to analyse gapped and mirror-broken boundary states in presence of quartic contact 
interactions between several pieces of fermions. We assume that the interactions are exclusively acting on the 
boundary, while the bulk of the system is descried by free topological insulating phase. This is similar to the case 
of 2D time-reversal-invariant topological insulators, where the helical Luttinger liquids appear on the interacting 
boundary of the system while the 2D bulk states are still related to the free-fermion  models20. We introduce then 
an external magnetic field orthogonal to the surface to induce a Dirac mass that breaks both time-reversal and 
mirror symmetries and consider generic intra- and inter-species interactions. For simplicity, we fix nM = 2 , as 
 in14, and employ functional bosonisation. This approach will allow us to map the self-interacting fermion model 
to free bosonic models. We are interested in obtaining the low energy topological properties of these effective 
bosonic models for various configuration of inter and intra-species interactions of the original fermionic model.
Our analysis shows that all the resulting effective models contain topological Chern–Simons terms that usually 
emerge in a variety of T-broken systems such as the quantum Hall  states21,22, surface states of three-dimensional 
topological  insulators2 and graphene coupled to external magnetic  fields23. However, differently from these pre-
vious works, we show the existence of a new exotic phase, characterised by a higher-derivative Chern–Simons 
 term24, when one of the intra-species interaction is switched off. This phase supports a massive U(1) boson and 
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a ghost mode, which is completed decoupled from the bosonic mode, and thus it is a “good ghost”25,26. Moreo-
ver, we show the existence of another phase in which the bosonic theory comprises two massive U(1)× U(1) 
bosons, with a mutual Chern–Simons term, which generalises the well-know Chern–Simons–Maxwell theory 
to multi-field gauge fields. The topological sector of this phase resembles the effective action studied in Ref.27 in 
the context of thin-film topological insulators. Importantly, our approach is quite general and can be directly 
extended to nM > 2 . This will allow to identify novel topological crystalline phases in presence of very general 
contact interactions.
Two‑fermion interacting system
The starting point of our construction is a (2+ 1)-dimensional system of two interacting fermion species ψ and 
χ living on the boundary of 3D topological crystalline insulator with bulk mirror Chern number nM = 2 . The 
corresponding effective action is given by
where m = Bzσ3 is the time-reversal broken mass induced by an external magnetic field Bz orthogo-
nal to the surface of the 3D TCI defined on the xy-plane. Here, we use the convention for the Minkowski 
metric ηµν = diag(−,+,+) . The gamma matrices are defined in terms of the Pauli matrices as γ 0 = σ3 , 
γ 1 = iσ1 , γ 2 = iσ2 and ψ̄ = ψ†γ 0 , the Dirac conjugate is ψ̄ = ψ†γ 0 , and the Clifford algebra has the form 
{γ µ, γ ν} = −2ηµνI2×2 . For convenience in the presentation we choose the intra-species coupling constants to 
be given by Vχ = e2χ and Vψ = e2ψ + ξα2 , where eχ , eψ and α are real constants, and ξ = ±1 , while Vχψ = eχ eψ 
is the inter-species coupling constants.
To analytically determine the behaviour of this interaction system we employ functional bosonisation. This 
is a powerful approach that will allows us to identify the equivalent bosonic theory describing our model in the 
low-energy regime. By defining kµ = χ̄γ µχ , jµ = ψ̄γ µψ , the corresponding generating functional has the form
In order to integrate out the fermion field χ , we  follow19,28 (see  also29–31) and express the third term in the action as
where aµ is an Hubbard–Stratonovich vector field. By replacing this back into the generating functional Z, we 
obtain
We now integrate out χ to obtain an effective bosonic action Ŵ[a] . In the large mass limit, it can be approximated 
 as32–34
where sm = m|m| = sign(m) and ǫ
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The action (7) holds for general values of the parameters eχ , eψ , α and ξ . The first two terms are purely given in 
terms of the vector field aµ . They correspond to the self dual action resulting from a single fermionic species, 
χ , introduced  in35,36. The total action Seff  is an extension to that self-dual model having the field aµ coupled to 
a self-interacting fermionic field ψ . In the following we consider specific configurations of these couplings and 
extract the behaviour of the model in each case.
Pauli term and higher‑derivative Chern–Simons action
In this section we show that for a particular value of the couplings the fermionic system (1) can be described in 
the low energy limit by a single fermion field non-minimally coupled to an effective U(1) gauge field. In particu-
lar, this coupling configuration gives rise to a higher-derivative Chern–Simons  theory24. We start our analysis of 
(7) by considering the interpolating action
which is given in terms of the Dirac fermion field ψ , the vector field aµ and a new gauge field Aµ . The path integral 
of SI [ψ , a,A] is equivalent to the functional integral associated to the effective action (7). By integrating out the 
field Aµ in (8), we obtain
where Seff  is given by (7). On the other hand, by integrating out the vector field aµ in the interpolating action 
(8) we find
where the action Sdualeff [ψ ,A] is given by
In this dual effective action Sdualeff [ψ ,A] the field Fµν = ∂µAν − ∂νAµ is the field strength associated to the gauge 




The action Sdualeff [ψ ,A] is dual to Seff [ψ , a] , so it faithfully describes the original system (1). The advantage 
of Sdualeff [ψ ,A] is that it is given in terms of the gauge field Aµ rather than the vector field aµ and thus it is easier 
to identify its topological character. From (11) we observe that the effective action (7) can be dualised to a 
Chern–Simons–Maxwell model coupled to the fermion field ψ by means of the Pauli term. Note that, after using 
the interpolating action, the coupling of the self interaction for ψ has been shifted back to the original value it 
had in (1). By directly comparing (1) and (11), we see that we can interpret the Pauli coupling as the low energy 
description of the mixed interaction term Vχψψ̄γ µψχ̄γµχ . The duality between (11) and (7) has been previ-
ously established on-shell by eliminating the field aµ or Aµ from the interpolating action (8) by means of their 
corresponding field  equations37,38.
Higher derivative Chern–Simons theory: the e2
ψ
+ ξα2 = 0 case. We now consider the action (7) 
for the case where α2 = e2ψ �= 0 and ξ = −1 , which corresponds to Vψ = 0 in (1). In that case, the action (7) 
does not describe free fermions so that they cannot be integrated out. Moreover for ξ = −1 we cannot employ a 
similar relation to (3) in order to linearise the interactions. In this case the self interaction in the dual action (11) 
vanishes and the effective theory takes the form of a fermion non-minimally coupled to the field strength Fµν by 
means of the Pauli term. Defining the Hodge dual of the curvature Fµ = 12 ǫµνρF
νρ the action takes the form
(7)
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In other words, the Pauli term couples the magnetic moment of the fermions with the magnetic  field39–41. Note 
that in 2+ 1 dimensions the magnetic moment is a scalar leading to the coupling term eψkµFµ seen in (12).
To analyse the properties of (12) we integrate out the fermions ψ . As shown  in42–44 the Pauli term can be 
obtained starting from the standard minimal coupling in the Dirac action ψ̄γ µAµψ and shifting the gauge field 
Aµ into the generalised connection Aµ → Aµ + eψFµ . We can then integrate out ψ in (12) by using the result 
(5) for the generalised connection and then set Aµ = 0 , i.e
By using this result, which is also compatible with Ref.45, the corresponding effective action takes the form
It is important to remark that, even though the higher-derivative term in the above action looks like a 
Chern–Simons form, it is not topological as it depends on the space-time metric. Indeed, as shown  in24, up to 
boundary terms one can write
Thus, this term leads to a non-vanishing contribution to the energy-momentum tensor, which is a signature of 
its non-topological nature.
As it has been shown  in24, the action (14) includes a ghost mode. Now we will show that this model admits a 
description in which the ghost is decoupled from the physical degree of freedom. In order to do so, we  follow46 
and decompose the vector potential in terms of new variables X and Y as follows
The effective action (14) then becomes




eff [X,Y ] , which 
yields an effective action for Y given by
This higher derivative scalar field action can be expressed in terms of two Klein–Gordon fields ϕ± defined by
The action then takes the  form25,26
Hence, the field redefinition (19) allows us to express (14) as the action for two decoupled massive Klein–Gordon 
fields, ϕ+ and ϕ− . The field ϕ+ is a physical Klein–Gordon field, while ϕ− is a ghost. Since the ghost fields is totally 
decoupled from the physical degree of freedom, the physical spectrum is not affected by it. In this sense we have 
a “good”  ghost25 emerging in our theory. From (19) we see that m2+ > 0 for any values of eψ and eχ . On the other 
hand, m2− can be positive or negative depending on the values of the couplings eψ and eχ , implying that the ghost 
ϕ2 can be also a tachyon. Thus, this theory shares similar features with the Chern–Simons–Maxwell  theory47 that 
describes a single propagating massive bosonic mode. In our case, the effect of the higher-derivative term is to 
renormalise the topological mass of the boson.
Single and mutual Chern–Simons theories
In this section we show that, besides the Chern–Simons and Maxwell terms, suitable choices of the parameters in 
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Single Chern–Simons theory: the α = 0 case. The case α = 0 corresponds to interaction couplings 
in (1) that satisfy VχVψ = V2χψ . In this case we can define the four-spinor � = (ψ ,χ)T and the corresponding 
current Jµ = �̄Ŵµ� , where Ŵµ = I2×2 ⊗ γ µ . The generating functional (2) then boils down to
where e2� = e2χ + e2ψ . Since this is a standard Thirring model for  we can linearise the interactions by 
introducing a vector field aµ19, so that by means of Gaussian integration we implement the replacement 
e2� J
µJµ → − 12a
µaµ + eψaµJµ in (21). Using (5) to integrate out  , the low energy behaviour of this system is 
captured by the following effective action
This result can be also obtained from (7) by setting α = 0 in and subsequently integrating out ψ .  Following35,36, 
we can dualise this action to a Chern–Simons–Maxwell theory
Hence, for the specific case where α = 0 the system becomes formally equivalent to a single species self-inter-
acting fermion that gives rise to a Chern–Simons theory with coupling MA = 2πsm/(e2χ + e2ψ) . This theory 
describes massive bosons that only mediate short-range  interactions47.
Mutual Chern–Simons theories: the ξ = 1 , α  = 0 case. The choice of parameters ξ = 1 and α  = 0 
corresponds to the action (1) with VψVχ > V2χψ . In this case the effective action (7) becomes
so one can integrate out ψ directly. Following similar steps as above, we use (3) to linearise the self interaction 
in the path integral associated to (24) by introducing a new vector field bµ . Subsequently, using (5) with the 
replacement aµ → aµ + αeψ bµ leads to
In this action both aµ and bµ are vector fields. In order to turn them into gauge fields we employ the interpolat-
ing action procedure. Consider the interpolating path integral (see appendix A in supplementary information)
where the masses mA , mB and mI are to be fixed in term of the couplings constants in (25). Integrating out the 
fields Aµ and Bµ leads exactly to the functional integral of the action (25), i.e.
provided the masses mA , mB and mI are given by
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where we have introduced a second field strength, Gµν = ∂µBν − ∂νBµ . Interestingly, for α2 = e2χ + e2ψ , there 
appears an emergent Z2 symmetry that exchanges the gauge fields, i.e.
This theory describes two massive bosons and generalises the Chern–Simons–Maxwell  theory47, which is defined 
for a single U(1) gauge field and the double-Maxwell-BF  theory49–51. The latter, defined for mA = mB = 0 , has 
been employed to study the Meissner effect in two-dimensional superconductors/superfluids that preserve time-
reversal symmetry. In this context, the two massive bosons can be interpreted as massive modes related to an 
effective London penetration  length50.
Here, we give a physical interpretation of our model by neglecting the Maxwell terms and focusing on the 
topological sector
which is dominant at large distances. By a suitable rescaling of the gauge fields, this topological action formally 
coincides with that one derived in Ref.27 in thin-film topological insulators. In this context, our T-broken action 
would describe an emergent quantum anomalous Hall state induced by interactions. In fact, the presence of sm 
in all the three coefficients mA , mB and mI is the signature of the presence of a common Chern number encoded 
in those terms that changes sign when the external Zeeman field is flipped. There are however important physical 
differences with respect to Ref.27. In that work, the Aµ field is identified with an external electromagnetic field 
and the two fermion species live on different boundaries, such that only in the thin-film limit the effective 2D 
model for the boundary contain both species.
Finally, note that the effective action in (31) can be further reduced by integrating out the gauge field Bµ , 
which yields the Chern–Simons action we met in (23) with the same mass MA = 2πsm/(e2χ + e2ψ) . Therefore, 
at the level of the topological affective action, integrating out Bµ is equivalent to set α = 0 in the original action 
(1). On the other hand, if we choose to integrate the gauge field Aµ , we obtain the Chern–Simons term of (23) 
for the field Bµ with MB = 2πsm/α2 . This result corresponds to setting eψ = eχ = 0 in (1), which eliminates the 
interaction between ψ and χ and keeping only the Thirring self-interaction for ψ with coupling α2.
Response to external electromagnetic field. In this subsection we probe the system in Eq. (24) by 
introducing an external electromagnetic potential Aµ . This requires to modify action (1) by minimally coupling 
the fermions ψ and χ to Aµ as follows
Repeating the steps outlined in the previous section leads to the generalization of the effective action (25) to 
the following one
The interpolating path integral (26) is then modified as
and the dual action (31) is generalized to
Integrating out the fields Aµ and Bµ in the corresponding path integral reduces (35) to the following action
which is given only in terms of Aµ . Varying this action with respect to Aµ we obtain the current
(30)Z2:Aµ → Bµ,Bµ → Aµ.











(32)S[χ ,ψ ,A] = S[χ ,ψ] + q
∫
d3x(jµ + kµ)Aµ.













































































Scientific Reports |        (2020) 10:21998  | https://doi.org/10.1038/s41598-020-77966-3
www.nature.com/scientificreports/
This clearly shows a topological Hall response of our system in presence of an external electromagnetic field. 
This current is sensitive to the sign sm of the generated mass m, but it is insensitive to the particular values of the 
interaction couplings, eχ , eψ and α.
Domain walls and chiral bosons. We now show that our effective topological field theory in Eq. (31) 
allows us to describe the 1D gapless modes trapped along defect lines (namely, 1D domain walls) that we can add 
on the 2D gapped boundary. In fact, defect lines behave as an effective spacial boundary for the 2 + 1-D bosonic 
model in Eq. (31) and the CS/CFT  correspondence52 allows us to derive the chiral boson action associated to the 
1D  modes53. For this action, we can define the following new fields
In this way, the effective action takes the form of two decoupled Chern–Simons terms
where we have defined
Following52, we adopt coordinates (t, x, y) and consider the generalized axial gauge
The Gauss law Fxy = 0 leads to locally pure gauge configurations
which can be implemented directly in the action (39) and leads to
Therefore, the 1D dynamics is described by two chiral bosons, which are determined by the parameters κ± 
and velocity v53. Importantly, these chiral modes trapped along the line defects can be eventually measured in 
experiments.
Conclusions
In this article we have studied the effect interactions have on two Dirac fermions in 2+ 1 dimensions. As we are 
interested in the topological properties of this system we employed the bosonisation method in order to obtain 
the corresponding effective gauge theories. As we vary the fermion couplings with intra-species interactions, Vχ 
and Vψ , and inter-species interactions Vχψ we obtain a variety of topological theories that correspond to differ-
ent phases of the model. When one of the fermionic species does not self-interact, Vψ = 0 , then the system is 
described by a Chern–Simons theory with a higher-derivative term. With the appropriate field reparametrisation 
this theory can be written in terms of a physical scalar field and a “good ghost” that completely decouples from 
the physical spectrum. Hence, it gives a well behaved topological theory, which shares similar features with the 
Chern–Simons–Maxwell theory and the topological mass is renormalised by the higher-derivative term. Beyond 
this particular regime, when we take VχVψ > V2χψ the action is given in terms of two coupled Chern–Simons 
theories that describes two propagating massive bosons. In this case the system is described by an emergent 
quantum anomalous Hall state induced by interactions and the two interacting massive Dirac fermions can be 
mapped to the two massive bosons. Moreover, for a particular choice of the coupling constants, there appears 
an emergent Z2 symmetry. In terms of physical observables, we have shown that by coupling the interacting 
model to an external electromagnetic field, the semiclassical currents are related to a topological Hall response. 
Moreover, by adding suitable domain walls on the gapped boundary, there appear propagating 1D modes trapped 
along the domain walls (i.e. defect lines). This is due to the well-known CS/CFT correspondence, where the CFT 
describes the 1D chiral modes, which can be in principle measured in experiments. Our method does not have 
a simple interpretation in the case where VχVψ < V2χψ so an alternative approach needs to be taken. We leave 
this case for a future investigation. Finally, note that our approach can be naturally generalised in various ways. 
One can consider multi-species interactions described by multi-U(1) gauge fields. This paves the way to study 
the interacting boundaries of 3D topological crystalline insulators for nM > 2 through functional bosonisation. 
Moreover, one can consider multi-SU(N) non-Abelian generalisation of the gauge fields along the lines of Ref.54.



























(41)A±t − vA±x = 0.


























Scientific Reports |        (2020) 10:21998  | https://doi.org/10.1038/s41598-020-77966-3
www.nature.com/scientificreports/
References
 1. Moore, J. E. The birth of topological insulators. Nature 464(7286), 194–198. https ://doi.org/10.1038/natur e0891 6 (2010).
 2. Qi, X. L. & Zhang, S. C. Topological insulators and superconductors. Rev. Mod. Phys. 83(4), 1057–1110. https ://doi.org/10.1103/
RevMo dPhys .83.1057. arXiv :1008.2026 [cond-mat.mes-hall] (2011).
 3. Fu, L., Kane, C. L. & Mele, E. J. Topological insulators in three dimensions. Phys. Rev. Lett. 98, 106803. https ://doi.org/10.1103/
PhysR evLet t.98.10680 3 (2007).
 4. Fu, L. Topological crystalline insulators. Phys. Rev. Lett. 106, 106802. https ://doi.org/10.1103/PhysR evLet t.106.10680 2 (2011).
 5. Hsieh, T. H. et al. Topological crystalline insulators in the SnTe material class. Nat. Commun. 3(1), 1–7. https ://doi.org/10.1038/
ncomm s1969 (2012).
 6. Chiu, C.-K., Yao, H. & Ryu, S. Classification of topological insulators and superconductors in the presence of reflection symmetry. 
Phys. Rev. B 88, 075142. https ://doi.org/10.1103/PhysR evB.88.07514 2 (2013).
 7. Slager, R.-J., Mesaros, A., Juričić, V. & Zaanen, J. The space group classification of topological band-insulators. Nat. Phys. 9(2), 
98–102. https ://doi.org/10.1038/nphys 2513 (2013).
 8. Morimoto, T. & Furusaki, A. Topological classification with additional symmetries from Clifford algebras. Phys. Rev. B 88, 125129. 
https ://doi.org/10.1103/PhysR evB.88.12512 9 (2013).
 9. Tanaka, Y. et al. Experimental realization of a topological crystalline insulator in SnTe. Nat. Phys. 8(11), 800–803. https ://doi.
org/10.1038/nphys 2442 (2012).
 10. Shiozaki, K. & Sato, M. Topology of crystalline insulators and superconductors. Phys. Rev. B 90, 165114. https ://doi.org/10.1103/
PhysR evB.90.16511 4 (2014).
 11. Kruthoff, J., de Boer, J., van Wezel, J., Kane, C. L. & Slager, R.-J. Topological classification of crystalline insulators through band 
structure combinatorics. Phys. Rev. X 7, 041069. https ://doi.org/10.1103/PhysR evX.7.04106 9 (2017).
 12. Morimoto, T., Furusaki, A. & Mudry, C. Breakdown of the topological classification Z for gapped phases of noninteracting fermions 
by quartic interactions. Phys. Rev. B 92, 125104. https ://doi.org/10.1103/PhysR evB.92.12510 4 (2015).
 13. Song, X.-Y. & Schnyder, A. P. Interaction effects on the classification of crystalline topological insulators and superconductors. 
Phys. Rev. B 95, 195108. https ://doi.org/10.1103/PhysR evB.95.19510 8 (2017).
 14. Hong, S. & Fu, L. Topological order and symmetry anomaly on the surface of topological crystalline insulators. arXiv :1707.02594 
.
 15. Qi, Y. & Fu, L. Anomalous crystal symmetry fractionalization on the surface of topological crystalline insulators. Phys. Rev. Lett. 
115, 236801. https ://doi.org/10.1103/PhysR evLet t.115.23680 1 (2015).
 16. Isobe, H. & Fu, L. Theory of interacting topological crystalline insulators. Phys. Rev. B 92, 081304. https ://doi.org/10.1103/PhysR 
evB.92.08130 4 (2015).
 17. Coleman, S. Quantum sine-Gordon equation as the massive thirring model. Phys. Rev. D 11, 2088–2097. https ://doi.org/10.1103/
PhysR evD.11.2088 (1975).
 18. Mandelstam, S. Soliton operators for the quantized sine-Gordon equation. Phys. Rev. D 11, 3026–3030. https ://doi.org/10.1103/
PhysR evD.11.3026 (1975).
 19. Fradkin, E. H. & Schaposnik, F. A. The Fermion-boson mapping in three-dimensional quantum field theory. Phys. Lett. B 338, 
253–258. https ://doi.org/10.1016/0370-2693(94)91374 -9. arXiv :hep-th/94071 82. (1994).
 20. Wu, C., Bernevig, B. A. & Zhang, S.-C. Helical liquid and the edge of quantum spin Hall systems. Phys. Rev. Lett. 96, 106401. https 
://doi.org/10.1103/PhysR evLet t.96.10640 1 (2006).
 21. Zhang, S., Hansson, T. & Kivelson, S. An effective field theory model for the fractional quantum Hall effect. Phys. Rev. Lett. 62, 
82–85. https ://doi.org/10.1103/PhysR evLet t.62.82 (1988).
 22. Read, N. Order parameter and Ginzburg–Landau theory for the fractional quantum Hall effect. Phys. Rev. Lett. 62, 86–89. https 
://doi.org/10.1103/PhysR evLet t.62.86 (1989).
 23. Fialkovsky, I. & Vassilevich, D. Parity-odd effects and polarization rotation in graphene. J. Phys. A 42(44), 442001. arXiv :0902.2570 
[hep-th]. https ://doi.org/10.1088/1751-8113/42/44/44200 1 (2009).
 24. Deser, S. & Jackiw, R. Higher derivative Chern–Simons extensions Phys. Lett. B 451, 73–76. https ://doi.org/10.1016/S0370 
-2693(99)00216 -6. arXiv :hep-th/99011 25. (1999).
 25. Hawking, S. & Hertog, T. Living with ghosts. Phys. Rev. D 65, 103515. https ://doi.org/10.1103/PhysR evD.65.10351 5. arXiv :hep-
th/01070 88 (2002).
 26. Kaparulin, D., Lyakhovich, S. & Sharapov, A. Classical and quantum stability of higher-derivative dynamics. Eur. Phys. J. C 74(10), 
3072. https ://doi.org/10.1140/epjc/s1005 2-014-3072-3. arXiv :1407.8481 [hep-th] (2014).
 27. Cho, G. Y. & Moore, J. E. Quantum phase transition and fractional excitations in a topological insulator thin film with zeeman 
and excitonic masses. Phys. Rev. B 84, 165101. https ://doi.org/10.1103/PhysR evB.84.16510 1 (2011).
 28. Palumbo, G. & Pachos, J. K. Abelian Chern–Simons–Maxwell theory from a tight binding model of spinless fermions. Phys. Rev. 
Lett. 110(21), 211603. https ://doi.org/10.1103/PhysR evLet t.110.21160 3. arXiv :1301.2625 [cond-mat.str-el] (2013).
 29. Banerjee, R. Bosonization in three-dimensional quantum field theory. Phys. Lett. B 358, 297–302. https ://doi.org/10.1016/0370-
2693(95)00948 -K. arXiv :hep-th/95041 30 (1995).
 30. Banerjee, R. Duality and bosonization in arbitrary dimensions. Nucl. Phys. B 465, 157–174. https ://doi.org/10.1016/0550-
3213(96)00039 -9. arXiv :hep-th/95091 33 (1996).
 31. Santos, R. C. B., Gomes, P. R. & Hernaski, C. A. Bosonization of the thirring model in 2+1 dimensions. Phys. Rev. D 101(7), 076010. 
https ://doi.org/10.1103/PhysR evD.101.07601 0. arXiv :1910.04190 [hep-th] (2020)
 32. Redlich, A. Gauge noninvariance and parity violation of three-dimensional Fermions. Phys. Rev. Lett. 52, 18. https ://doi.
org/10.1103/PhysR evLet t.52.18 (1984).
 33. Redlich, A. Parity violation and Gauge noninvariance of the effective gauge field action in three-dimensions. Phys. Rev. D 29, 
2366–2374. https ://doi.org/10.1103/PhysR evD.29.2366 (1984).
 34. Niemi, A. & Semenoff, G. Axial anomaly induced Fermion fractionization and effective gauge theory actions in odd dimensional 
space-times. Phys. Rev. Lett. 51, 2077. https ://doi.org/10.1103/PhysR evLet t.51.2077 (1983).
 35. Deser, S. & Jackiw, R. Selfduality of topologically massive gauge theories. Phys. Lett. 139B, 371–373. https ://doi.org/10.1016/0370-
2693(84)91833 -1 (1984).
 36. Townsend, P. K., Pilch, K. & van Nieuwenhuizen, P. ‘Selfduality’ in odd dimensions. Phys. Lett. 136B, 38. [Addendum: Phys. 
Lett.137B,443(1984)]. https ://doi.org/10.1016/0370-2693(84)91753 -2https ://doi.org/10.1016/0370-2693(84)92051 -3 (1984).
 37. Gomes, M., Malacarne, L. C. & da Silva, A. J. On the equivalence of the selfdual and Maxwell–Chern–Simons models coupled to 
fermions. Phys. Lett. B 439, 137–141. https ://doi.org/10.1016/S0370 -2693(98)01008 -9. arXiv :hep-th/97111 84 [hep-th] (1998).
 38. Anacleto, M. A., Ilha, A., Nascimento, J. R. S., Ribeiro, R. F. & Wotzasek, C. Dual equivalence between selfdual and Maxwell–
Chern–Simons models coupled to dynamical U(1) charged matter. Phys. Lett. B 504, 268–274. https ://doi.org/10.1016/S0370 
-2693(01)00300 -8. arXiv :hep-th/01041 52 [hep-th] (2001).
 39. Jain, J. K. Composite fermion approach for the fractional quantum Hall effect. Phys. Rev. Lett. 63, 199–202. https ://doi.org/10.1103/
PhysR evLet t.63.199 (1989).
 40. Carrington, M. E. & Kunstatter, G. Maxwell–Chern–Simons scalar QED with magnetic moment interactions. Phys. Rev. D 51, 
1903–1905. https ://doi.org/10.1103/PhysR evD.51.1903 (1995).
9
Vol.:(0123456789)
Scientific Reports |        (2020) 10:21998  | https://doi.org/10.1038/s41598-020-77966-3
www.nature.com/scientificreports/
 41. Nobre, F. A. S. & Almeida, C. A. S. Pauli’s term and fractional spin. Phys. Lett. B 455, 213–216. https ://doi.org/10.1016/S0370 
-2693(99)00475 -X. arXiv :hep-th/99041 59 [hep-th] (1999).
 42. Stern, J. Topological action at a distance and the magnetic moment of point-like anyons. Phys. Lett. B 265, 119–123. https ://doi.
org/10.1016/0370-2693(91)90024 -K (1991).
 43. Georgelin, Y. & Wallet, J. On Maxwell–Chern–Simons theory with anomalous magnetic moment. Mod. Phys. Lett. A 7, 1149–1156. 
https ://doi.org/10.1142/S0217 73239 20036 08 (1992).
 44. Itzhaki, N. Anyons, ’t Hooft loops and a generalized connection in three-dimensions. Phys. Rev. D 67, 065008. https ://doi.
org/10.1103/PhysR evD.67.06500 8. arXiv :hep-th/02111 40 (2003).
 45. Dalmazi, D. The static potential in QED3 with non-minimal coupling. Phys. Rev. D 70, 065021. https ://doi.org/10.1103/PhysR 
evD.70.06502 1. arXiv :hep-th/04051 96 (2004).
 46. Bergshoeff, E. A., Hohm, O. & Townsend, P. K. On higher derivatives in 3D gravity and higher spin gauge theories. Ann. Phys. 
325, 1118–1134. https ://doi.org/10.1016/j.aop.2009.12.010. arXiv :0911.3061 [hep-th] (2010).
 47. Deser, S., Jackiw, R. & Templeton, S. Topologically massive gauge theories. Ann. Phys. 140(2), 372–411. https ://doi.
org/10.1016/0003-4916(82)90164 -6 (1982).
 48. Birmingham, D., Blau, M., Rakowski, M. & Thompson, G. Topological field theory. Phys. Rep. 209(4), 129–340. https ://doi.
org/10.1016/0370-1573(91)90117 -5 (1991).
 49. Dorey, N. & Mavromatos, N. QED3 and two-dimensional superconductivity without parity violation. Nucl. Phys. B 386(3), 614–680. 
https ://doi.org/10.1016/0550-3213(92)90632 -L (1992).
 50. Hansson, T., Oganesyan, V. & Sondhi, S. Superconductors are topologically ordered. Ann. Phys. 313(2), 497–538. https ://doi.
org/10.1016/j.aop.2004.05.006 (2004).
 51. Palumbo, G. & Cirio, M. Skyrmion superfluidity in two-dimensional interacting fermionic systems. Sci. Rep. 5(1), 10824. https ://
doi.org/10.1038/srep1 0824 (2015).
 52. Fradkin, E. Field Theories of Condensed Matter Systems 2nd edn. (Cambridge University Press, Cambridge, 2013).
 53. Wen, X.-G. Theory of the edge states in fractional quantum Hall effects. Int. J. Mod. Phys. B 6, 1711. https ://doi.org/10.1142/S0217 
97929 20008 40 (1992).
 54. Palumbo, G., Pachos, J. K. Non-Abelian Chern–Simons theory from a Hubbard-like model. Phys. Rev. D 90(2), 027703. https ://
doi.org/10.1103/PhysR evD.90.02770 3. arXiv :1311.2871 [cond-mat.str-el] (2014).
 55. Diamantini, M., Sodano, P. & Trugenberger, C. Oblique confinement and phase transitions in Chern–Simons gauge theories. Phys. 
Rev. Lett. 75, 3517–3520. https ://doi.org/10.1103/PhysR evLet t.75.3517. arXiv :cond-mat/94070 73 (1995).
 56. Diamantini, M., Sodano, P. & Trugenberger, C. Selfduality and oblique confinement in planar gauge theories. Nucl. Phys. B 448, 
505–532. https ://doi.org/10.1016/0550-3213(95)00252 -N. arXiv :hep-th/95020 32 (1995).
 57. Diamantini, M., Sodano, P. & Trugenberger, C. Gauge theories of Josephson junction arrays. Nucl. Phys. B 474, 641–677. https ://
doi.org/10.1016/0550-3213(96)00309 -4. arXiv :hep-th/95111 68 (1996)
Acknowledgements
We would like to thank J. Gomis for useful discussions. This work was supported by the ERC through the Start-
ing Grant project TopoCold and the EPSRC Grant EP/R020612/1. Statement of compliance with EPSRC policy 
framework on research data: This publication is theoretical work that does not require supporting research data. 
PS-R acknowledges the School of Physics and Astronomy of the University of Leeds for hospitality and support 
as invited researcher.
Author contributions
J.K.P. designed the research. G.P. implemented the application to crystalline topological insulators. J.K.P. and 
G.P. wrote the main manuscript. P.S.-R. performed the main calculations. All authors discussed the results and 
reviewed the manuscript.
Competing interests 
The authors declare no competing interests.
Additional information
Supplementary information is available for this paper at https ://doi.org/10.1038/s4159 8-020-77966 -3.
Correspondence and requests for materials should be addressed to P.S.-R.
Reprints and permissions information is available at www.nature.com/reprints.
Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.
Open Access This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the 
Creative Commons licence, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. To view a copy of this licence, visit http://creat iveco mmons .org/licen ses/by/4.0/.
© The Author(s) 2020
